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Abstract

In this paper, we present the characterizations of total boundedness, rel-
ative compactness and compactness in fuzzy set spaces equipped with the
endograph metric. The conclusions in this paper significantly improve the
corresponding conclusions given in our previous paper [H. Huang, Charac-
terizations of endograph metric and I'-convergence on fuzzy sets, Fuzzy Sets
and Systems 350 (2018), 55-84]. The results in this paper are applicable to
fuzzy sets in a general metric space. The results in our previous paper are
applicable to fuzzy sets in the m-dimensional Euclidean space R™, which
is a special type of metric space. Furthermore, based on the above results,
we give the characterizations of relative compactness, total boundedness and
compactness in a kind of common subspaces of general fuzzy sets according to
the endograph metric. As an application, we investigate some relationship
between the endograph metric and the I'-convergence on fuzzy sets. This
paper is also submitted to arXiv.

Keywords: Compactness; Endograph metric; I'-convergence; Hausdorff
metric

1. Introduction

Fuzzy set is a fundamental tool to investigate fuzzy phenomenon [1-7]. A
fuzzy set can be identified with its endograph. The endograph metric Heng
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on fuzzy sets is the Hausdorff metric defined on their endographs. It’s shown
that the endograph metric on fuzzy sets has significant advantages [8-11].

Compactness is one of the central concepts in topology and analysis and
is useful in applications (see [6, 12]). The characterizations of compactness
in various fuzzy set spaces endowed with different topologies have attracted
much attention [13-19].

In [18], we have given the characterizations of total boundedness, rel-
ative compactness and compactness of fuzzy set spaces equipped with the
endograph metric Heg,gq.

The results in [18] are applicable to fuzzy sets in the m-dimensional Eu-
clidean space R™. R™ is a special type of metric space. In theoretical research
and practical applications, fuzzy sets in a general metric space are often used
1, 2, 14, 15].

In this paper, we present the characterizations of total boundedness, rela-
tive compactness and compactness of the space fuzzy sets in a general metric
space equipped with the endograph metric He,q. We point out that the
characterizations of total boundedness, relative compactness and compact-
ness given in [18] are corollaries of the corresponding characterizations given
in this paper.

Furthermore, we discuss the properties of the endograph metric Heygq,
and then use these properties and the above characterizations for general
fuzzy sets to give the characterizations of relative compactness, total bound-
edness and compactness in a kind of common subspaces of general fuzzy sets
according to the endograph metric Heg.

As an application of the characterizations of compactness given in this
paper, we discuss the relationship between Hg,q metric and I'-convergence
on fuzzy sets.

The remainder of this paper is organized as follows. In Section 2, we
recall and give some basic notions and fundamental results related to fuzzy
sets and the endograph metric and the I'-convergence on them. In Section
3, we give representation theorems for various kinds of fuzzy sets which are
useful in this paper. In Section 4, we give the characterizations of relatively
compact sets, totally bounded sets, and compact sets in space of fuzzy sets
in a general metric space equipped with the endograph metric, respectively.
In Section 5, based on the characterizations of compactness given in Section
4, we give the characterizations of relatively compact sets, totally bounded
sets, and compact sets in a kind of common subspaces of the fuzzy set space
discussed in Section 4. In Section 6, as an application of the characterizations



of compactness given in Section 4, we investigate the relationship between
the endograph metric and the I'-convergence on fuzzy sets. At last, we draw
conclusions in Section 7.

2. Fuzzy sets and endograph metric and I'-convergence on them

In this section, we recall and give some basic notions and fundamental
results related to fuzzy sets and the endograph metric and the I'-convergence
on them. Readers can refer to [1-3, 20, 21| for related contents.

Let N denote the set of natural numbers. Let R denote the set of real
numbers. Let R™, m > 1, denote the set {(z1,...,2m,) : ; € R, i =
1,...,m}. In the sequel, R is also written as R'.

Throughout this paper, we suppose that X is a nonempty set and d is
the metric on X. For simplicity, we also use X to denote the metric space
(X, d).

The metric d on X x [0,1] is defined as follows: for (z,a), (y,3) € X x
0,1,

d((x, @), (y,8)) = d(z,y) + |a = f].

Throughout this paper, we suppose that the metric on X x [0, 1] is d. For
simplicity, we also use X x [0, 1] to denote the metric space (X x [0, 1],d).

Let m € N. For simplicity, R™ is also used to denote the m-dimensional
Euclidean space; d,, is used to denote the Euclidean metric on R™; R™ x [0, 1]
is also used to denote the metric space (R™ x [0, 1], d,y,)-

A fuzzy set u in X can be seen as a function u : X — [0,1]. A subset S
of X can be seen as a fuzzy set in X. If there is no confusion, the fuzzy set

corresponding to .S is often denoted by xg; that is,

(z) = 1, x€8,
XS =90, ze X\ &S

For simplicity, for # € X, we will use  to denote the fuzzy set xy,; in X.
In this paper, if we want to emphasize a specific metric space X, we will
write the fuzzy set corresponding to S in X as Sp(x), and the fuzzy set
corresponding to {z} in X as Zp(x).

The symbol F(X) is used to denote the set of all fuzzy sets in X. For
u e F(X) and a € [0,1], let {u > a} denote the set {x € X : u(z) > a},
and let [u], denote the a-cut of u, i.e.

), = {r e X ulx)>a}, ac(0,1],
o suppu = {u > 0}, a=0,
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where S denotes the topological closure of S in (X, d).

The symbol K(X) and C(X) are used to denote the set of all nonempty
compact subsets of X and the set of all nonempty closed subsets of X, re-
spectively. P(X) is used to denote the power set of X, which is the set of all
subsets of X.

Let Fysc(X) denote the set of all upper semi-continuous fuzzy sets u :
X = [0,1], ie.,

Fuse(X) :={u e F(X) : [ul, € C(X)U{0} for all « € [0,1]}.
Define
FUSC’B(X) = {U c FUgc(X) : [U]O < K(X) U {@}},
FUscg(X) = {U c FUSC(X> : [U]a c K(X) U {@} for all o € (0, 1]}

Clearly,
Fusep(X) C Fysca(X) C Fyse(X).

Define
Feon(X) :={u e F(X) :for all a € (0,1}, [u], is connected in X},
Fusccon(X) == Fysce(X) N Feon(X),
Fuscacon(X) == Fusca(X) N Feon (X).

Let u € Foon(X). Then [u]g = Uasolu]q is connected in X. The proof is
as follows.

If u = xyg, then [u]o = () is connected in X. If u # yp, then there is an
a € (0,1] such that [u], # (0. Note that [u]s 2 [u], when 8 € [0, a]. Hence
Up<p<altt]g is connected, and thus [u]yp = Up<g<a[t]s is connected.

So

Foon(X) ={u € F(X) :for all @ € [0,1], [u], is connected in X }.

Let Fgo(X) denote the set of all normal and upper semi-continuous
fuzzy sets u : X — [0, 1], i.e.,

Floo(X) :={u € F(X) : [uls € C(X) for all a € [0,1]}.

We introduce some subclasses of Fh¢-(X), which will be discussed in this
paper. Define

Fisep(X) = Figo(X) N Fuses(X),
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Fisea(X) == Flgo(X) N Fysca(X),
Fiscoon(X) = Fige(X) N Feon (X)),
Fiscacon(X) == Flrgoa(X) N Feon(X).

Clearly,

Fisop(X) C Fisea(X) C Flgo(X),
FiscaconX) € Fisecon(X).

Let (X,d) be a metric space. We use H to denote the Hausdorff dis-
tance on C'(X) induced by d, i.e.,

H(U,V) = max{H"(U,V), H"(V,U)} (1)
for arbitrary U,V € C(X), where

H*(U,V) =sup d(u,V) = sup inf d (u,v).

uel wel veV

If there is no confusion, we also use H to denote the Hausdorfl distance
on C(X x [0,1]) induced by d.
The Hausdorff distance on C(X) can be extended to C'(X)U{0} as follows:

H(M, M), if My, My € C(X),
H(Ml,MQ) = +OO, lf Ml = @ and M2 - O(X),
0, if M, = My = 0),

Remark 2.1. p is said to be a metric on Y if p is a function from ¥ x Y
into R satisfying positivity, symmetry and triangle inequality. At this time,
(Y, p) is said to be a metric space.

p is said to be an extended metric on Y if p is a function from Y x Y into
R U {+o0} satisfying positivity, symmetry and triangle inequality. At this
time, (Y, p) is said to be an extended metric space.

We can see that for arbitrary metric space (X, d), the Hausdorff distance
H on K(X) induced by d is a metric. So the Hausdorff distance H on
K(X % [0,1]) induced by d on X x [0,1] is a metric.

The Hausdorff distance H on C'(X) induced by d on X is an extended
metric, but probably not a metric, because H(A, B) could be equal to +oo
for certain metric space X and A, B € C'(X). The Hausdorff distance H on
C(X)U {0} is an extended metric, but not a metric.
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Clearly, if H on C'(X) induced by d is not a metric, then H on C'(X x |0, 1])
induced by d is also not a metric. So the Hausdorff distance H on C(X x 0, 1])
induced by d on X x [0, 1] is an extended metric but probably not a metric.

We can see that H on C'(R™) is an extended metric but not a metric, and
then the same is H on C(R™ x [0, 1]).

In the cases that the Hausdorff distance H is a metric, we call the Haus-
dorff distance the Hausdorff metric. In the cases that the Hausdorff distance
H is an extended metric, we call the Hausdorff distance the Hausdorff ex-
tended metric. In this paper, for simplicity, we refer to both the Hausdorff
extended metric and the Hausdorff metric as the Hausdorff metric.

For u € F(X), define

endu := {(z,t) € X x [0,1] : u(z) > t},
sendu := {(z,t) € X x [0,1] : u(z) >t} N ([u]o x [0,1]).

end u and send u are called the endograph and the sendograph of u, respec-
tively.

Let u € F(X). The following properties (i)-(iii) are equivalent:

(1) u e Fygc(X); B
(ii) end u is closed in (X x [0,1],d);
(iii) send u is closed in (X x [0,1],d).

(i)=-(ii). Assume that (i) is true. To show that (ii) is true, let {(zn, a,)}
be a sequence in end u which converges to (z,«) in X x [0, 1], we only need
to show that (z,«) € endu. Since u is upper semi-continuous, then u(x) >
lim sup,,,, w(z,) > lim, , o, = . Thus (z,«) € endu. So (ii) is true.

(ii)=-(iii). Assume that (ii) is true. Note that [u]y x [0, 1] is closed in
X x [0, 1], then send u = end u N ([u]o x [0, 1]) is closed in X x [0, 1]. So (iii)
Is true.

(iii)=(i). Assume that (iii) is true. To show that (i) is true, let a € [0, 1]
and suppose that {z,} is a sequence in [u], which converges to z in X, we
only need to show that x € [u],. Note that {(x,,a)} converges to (z,«)
in X x [0,1], and that the sequence {(x,,a)} is in sendu. Hence from
the closedness of sendu, it follows that (x,«) € send u, which means that
x € [u]y. So (i) is true.

Let u € F(X). Clearly X x {0} C endu. So endu # (). We can see that
sendu = ) if and only if u = Dp(x).

From the above discussions, we know that u € Fygeo(X) if and only if
endu € C(X x [0,1]).



Kloeden [8] introduced the endograph metric Hqnq. For u,v € Fygo(X),
Hpa(u,v) := H(end u, end v),

where H is the Hausdorff metric on C'(X x [0, 1]) induced by d on X x [0, 1].

Rojas-Medar and Romén-Flores [20] introduced the I'-convergence of
a sequence of upper semi-continuous fuzzy sets based on the Kuratowski
convergence of a sequence of sets in a metric space.

Let (X, d) be a metric space. Let C be a set in X and {C,} a sequence of
sets in X. {C,} is said to Kuratowski converge to C according to (X, d),
if

C = liminf C,, = limsup C,,
n—00 n—00

where

hmlnfcn = {.Z' € X: z= lim T, Ty € Cn}7
n—00

n—o0

n—o00
n=1m>n

In this case, we'll write C = lim{¥)__ C,, according to (X, d). If there is
no confusion, we will not emphasize the metric space (X, d) and write {C,, }

Kuratowski converges to C or C = 1im¥)_ C,, for simplicity.

Remark 2.2. Theorem 5.2.10 in [22] pointed out that, in a first countable
Hausdorff topological space, a sequence of sets is Kuratowski convergent is
equivalent to this sequence is Fell topology convergent. A metric space is of
course a first countable Hausdorff topological space.

Definition 3.1.4 in [23] gives the definitions of liminf C),, lim sup C,, and
lim C,, for a net of subsets {C,,,n € D} in a topological space. When {C,,,n =
1,2,...} is a sequence of subsets of a metric space, liminf C,,, lim sup C,, and
lim C,, according to Definition 3.1.4 in [23] are lim inf,,_,., C,,, lim sup,,_,.. C,

and lim,(fi)oo C,, according to the above definitions, respectively.

Let w, u,, n = 1,2,..., be fuzzy sets in Fysc(X). {u,} is said to I'-
converge to u, denoted by u = lilfn,(f_)>oo Uy, if endu = limgi)oo end u,
according to (X x [0,1],d).

The following Theorem 2.3 is an already known conclusion, which is useful

in this paper.



Theorem 2.3. Suppose that C, C,, are sets in C(X), n = 1,2,.... Then
H(C,,C) — 0 implies that im'%) _C, = C.

Remark 2.4. Theorem 2.3 implies that for a sequence {u,} in Fysc(X) and
an element u in Fygo(X), if Hopa(un, w) — 0 as n — oo, then limgloo Up = U.
However, the converse is false. See Example 4.1 in [18].

Theorem 2.3 can be shown in a similar fashion to Theorem 4.1 in [18]. In
Theorem 2.3, we exclude the case that C' = ().

Remark 2.5. Let {u,} be a sequence in Fyse(X) and let {v,} be a subse-
quence of {u,}. We can see that

liminf u,, C liminf v,, C limsupv,, C lim sup u,,.
n—00 n—00 n—o00 n—o00

So if there is a u € Fygo(X) with im" __ w, = u, then lim")__ v, = u.

Clearly, limgloo v, = u does not necessarily imply that 1im§200 Up = U.
A simple example is given below.
For n = 1,2,..., let v, = lpw). Forn = 1,2,..., let u, € Fysc(R)
defined by
w = { /1\F(R), n is odd,

3rm), miseven.

Then {v,} is a subsequence of {u,}. We can see that lim'")_ v, = TF(R).

. (T .
However lim") u,, does not exist because

n—oo

liminf u,, = R x {0} ;Cé end/l\F(R) Vv end§F(R) = lim sup u,,.
n—oo

n—oo

In this paper, for a metric space (Y, p) and a subset S in Y, we still use
p to denote the induced metric on S by p.

3. Representation theorems for various kinds of fuzzy sets

In this section, we give representation theorems for various kinds of fuzzy
sets. These representation theorems are useful in this paper.

The following representation theorem should be a known conclusion. In
this paper we assume that sup () = 0.

Theorem 3.1. Let Y be a nonempty set. If u € F(Y'), then for all a € (0, 1],
(U)o = Np<alulp.



Conversely, suppose that {v, : a € (0,1]} is a family of sets in Y with
Vo = Np<atp for all a € (0,1]. Define u € F(Y) by

u(z) == sup{a:x € v,}

for each x € Y. Then u is the unique fuzzy set in'Y satisfying that [u], = v,
for all o € (0, 1].

Proof. Let w € F(Y) and o € (0,1]. For each z € Y, = € [u], & u(z) >
a < for each f < a, u(z) > B < for each f < a, x € [ulg. So [u]l, =
Np<alu]s-

Conversely, suppose that {v, : a € (0,
Vo = Ng<qvp for all a € (0,1]. Let u € F(

1]} is a family of sets in Y with
) defined by

u(z) == sup{a: x € v, }

for each x € Y. Firstly, we show that for each a € (0,1], [u]o = v4. To do
this, let a € (0, 1]. We only need to verify that [u], 2 v, and [u], C v,.

Let © € v,. Then clearly u(z) > a, i.e. x € [u]s. So [u]s 2 V4.

Let € [u]o. Then sup{f : © € vg} = u(xr) > «. Hence there exists
a sequence {f,, n = 1,2,...} such that 1 > 8, > o — 1/n and = € vg,.
Set v = sup,> B,. Then 1 > v > « and thus z € N/ >vs, = v, C v,. So
[u]o C vg.

Now we show the uniqueness of u. To do this, assume that v is a fuzzy
set in Y satisfying that [v], = v, for all & € (0, 1]. Then for each z € Y/,

v(z) =sup{a:z € [v]} =sup{a:z € v,} = u(x).

Sou =v.
O

Remark 3.2. We can’t find the original reference which gave Theorem 3.1,
so we give a proof here for the self-containing of this paper. Theorem 3.1
and its proof are essentially the same as the Theorem 7.10 in P27 of chinaX-
iv:202110.00083v4 and its proof since the uniqueness of u is obvious.

From Theorem 3.1, it follows immediately below representation theorems
fOI‘ FU50<X), F&SC<X)7 FUgcg(X)7 FCON(X)a FUSCB(X), and F(}SCB(X)'



Proposition 3.3. Let (X,d) be a metric space. If u € Fysc(X) (respec-
tively, u € Fleo(X), u € Fysca(X), u € Foon(X)), then

(i) [ulo € C(X)U{D} (respectively, [u], € C(X), [ulo € K(X)U{0}, [u]a
is connected in (X,d)) for all a € (0,1], and

(i) [u]a = Ngealuls for all a € (0,1].

Conversely, suppose that the family of sets {v, : a € (0,1]} satisfies
conditions (i) and (ii). Define v € F(X) by u(z) := sup{a : x € v,} for
each x € X. Then u is the unique fuzzy set in X satisfying that [u], = vq
for each a € (0,1]. Moreover, u € Fysc(X) (respectively, u € Flgn(X),
u e FUgcg(X), u € FCON(X))-

Proof. The proof is routine. We only show the case of Fygc(X). The other
cases can be verified similarly.

If © € Fysc(X), then clearly (i) is true. From Theorem 3.1, (ii) is true.

Conversely, suppose that the family of sets {v, : a € (0,1]} satisfies
conditions (i) and (ii). Define u € F(X) by u(x) := sup{a : € v,} for each
x € X. Then by Theorem 3.1, u is the unique fuzzy set in X satisfying that
[u]o = vy for each a € (0,1]. Since {[u],, a € (0, 1]} satisfies condition (i),
u e FUgc(X).

O]

Proposition 3.4. Let (X, d) be a metric space. If u € Fyscp(X) (respec-
tively, u € Flgop(X)), then

(i) [u]lo € K(X)U{0} (respectively, [u], € K(X)) for all a € [0, 1],

(i) [ula = Ngenlulp for all a € (0,1], and

(i) [ulo = Ugsoluls-

Conversely, suppose that the family of sets {v, : a € [0,1]} satisfies
conditions (i) through (iii). Define u € F(X) by u(z) := sup{a : x € v,} for
each x € X. Then u is the unique fuzzy set in X satisfying that [u], = vq
for each o € [0,1]. Moreover, u € Fyscp(X) (respectively, u € Fhgop(X)).

Proof. The proof is routine. We only show the case of Fyscp(X). The case
of Fhigop(X) can be verified similarly.

If © € Fyscp(X), then clearly (i) is true. By Theorem 3.1, (ii) is true.
From the definition of [u]y, (iii) is true.

Conversely, suppose that the family of sets {v, : a € [0,1]} satisfies
conditions (i) through (iii). Define u € F(X) by u(z) := sup{a : = € v,} for
each x € X. Then by Theorem 3.1, u is the unique fuzzy set in X satisfying
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that [u]o = v, for each o € (0,1]. Clearly [u]o = Ugoluls = Ugsovs = vo-
Since {[u]q, o € [0, 1]} satisfies condition (i), u € Fysop(X).
[

Similarly, we can obtain the representation theorems for Fysccon(X),
Fuscacon(X), Fiscoon(X), ete.

Based on these representation theorems, we can define a fuzzy set or a
certain type fuzzy set by giving the family of its a-cuts. In the sequel, we
will directly point out that what we defined is a fuzzy set or a certain type
fuzzy set without saying which representation theorem is used since it is easy
to see.

4. Characterization of compactness in (Fysca(X), Hend)

In this section, we give the characterizations of relatively compact sets,
totally bounded sets, and compact sets in (Fyscg(X), Hena), respectively.
We point out that these results improve the characterizations of relatively
compact sets, totally bounded sets, and compact sets in (Fysca(R™), Hena)
given in our previous work [18], respectively.

e A subset Y of a topological space Z is said to be compact if for every set
I and every family of open sets, O;, i € I, such that Y C |J,; O; there
exists a finite family O;,, O,, ..., O;, such that Y C O,, UO;,U...UO;, .
In the case of a metric topology, the criterion for compactness becomes
that any sequence in Y has a subsequence convergent in Y.

o A relatively compact subset Y of a topological space Z is a subset with
compact closure. In the case of a metric topology, the criterion for
relative compactness becomes that any sequence in Y has a subsequence
convergent in X.

e Let (X,d) be a metric space. A set U in X is totally bounded if and
only if, for each € > 0, it contains a finite € approximation, where an e
approximation to U is a subset S of U such that d(z,S) < e for each
x € U. An ¢ approximation to U is also called an e-net of U.

Let (X,d) be a metric space. A set U is compact in (X, d) implies that
U is relatively compact in (X, d), which in turn implies that U is totally
bounded in (X, d). Let Y be a subset of X and A a subset of Y. Then A is
totally bounded in (Y, d) if and only if A is totally bounded in (X, d).

11



Theorem 4.1. [19] Let (X,d) be a metric space and D C K(X). Then D
is totally bounded in (K(X), H) if and only if D = |J{C : C € D} is totally
bounded in (X, d).

Theorem 4.2. [14] Let (X,d) be a metric space and D C K(X). Then D
is relatively compact in (K(X),H) if and only if D = |J{C : C € D} is
relatively compact in (X, d).

Theorem 4.3. [19] Let (X,d) be a metric space and D C K(X). Then the
following are equivalent:

(i) D is compact in (K(X), H);

(i1) D =J{C : C € D} is relatively compact in (X,d) and D is closed in
(K(X), H);

(iti)) D =J{C : C € D} is compact in (X,d) and D is closed in (K(X), H).

Let u € Fygo(X). Define u® = endu. Let A be a subset of Fygo(X).
Define A¢ = {u®:u € A}. Clearly Fyso(X)® C C(X x [0,1]).

Define g : (Fysc(X), Hena) — (C(X x [0,1]), H) given by g(u) = end u.
Then

e ¢ is an isometric embedding of (Fysc(X), Hena) in (C(X x [0,1)), H),
e g(Fysc(X)) = Fyse(X)®, and
o (Fysc(X), Hena) is isometric to (Fyso(X)¢, H).

The following representation theorem for Fygc(X)¢ follows immediately
from Proposition 3.3.

Proposition 4.4. Let U be a subset of X x [0,1]. Then U € Fysc(X)® if
and only if the following properties (i)-(iii) are true.

(i) For each o € (0,1], (U)o € C(X) U{0}.

(i1) For each a € (0,1], (U)a = NgealU)s-

(i1i) (U)o =X.

Proposition 4.5. Let U € C(X x[0,1]). Then the following (i) and (ii) are
equivalent.

(i) For each o with 0 < o < 1, (U)o = (150(U)s-

(i1) For each o, B with 0 < f < a <1, (U)s C(U)p.
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Proof. The proof is routine. (i)=-(ii) is obviously.

Suppose that (ii) is true. To show that (i) is true, let o € (0, 1]. From
(ii), (U)a € NeallU)s- So we only need to prove that (U)a 2 [\z.4(U)s-
To do this, let © € (;.,(U)s. This means that (z, ) € U for 8 € [0,a).
Since limg . d((z, 8), (z,a)) = 0, from the closedness of U, it follows that
(z,a) € U. Hence x € (U)y. Thus (U)a 2 (3.,(U)s from the arbitrariness
of z in s, (U)s. So (il)=(i).

[l

Proposition 4.6. Let U € C(X x [0,1]). Then U € Fysc(X)© if and only
if U has the following properties:

(i) for each o, with0 < <a <1, (U), C(U)s, and

(i) (U)o=X.

Proof. Since U € C(X x [0,1]), then clearly (U), € C(X) U {0} for all
a € [0,1]. Thus the desired result follows immediately from Propositions 4.4
and 4.5.

[

As a shorthand, we denote the sequence z1, xs, ..., x,,... by {z,}.
Proposition 4.7. Fysc(X)¢ is a closed subset of (C(X x [0,1]), H).

Proof. Let {u : n = 1,2,...} be a sequence in Fysc(X)® with {u¢} con-
verging to U in (C(X x [0, 1]), H). To show the desired result, we only need
to show that U € Fyso(X)©.

We claim that
(i) for each o, f with 0 < < a <1, (U)y C (U)g;

(i) (U)o = X.

To show (i), let v, B in [0, 1] with 8 < «, and let x € (U),, i.e. (z,a) € U.
By Theorem 2.3, lim®) wu¢ = U. Then there is a sequence {(,,,)}
satisfying (z,, a,,) € ué for n = 1,2,... and lim, . d((2,,, @), (z,)) = 0.
Hence there is an N such that a,, > § for all n > N. Thus (z,, ) € uf, for
n > N. Note that lim,_. d((#, 8), (z,5)) = 0. Then (z, 8) € lim!&)__wue =
U. This means that x € (U)s. So (i) is true.

Clearly (U)o € X. From lim{*) _u¢ = U and (u¢)o = X, we have that
(U)o 2 X. Thus (U)o = X. So (ii) is true.

By Proposition 4.6, (i) and (ii) imply that U € Fygse(X)©.
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Remark 4.8. Let a € [0,1]. From Proposition 5.1, we can deduce that
F/fo(X) is a closed subset of (Fyrgo(X), Henq). Then by Proposition 4.7, we
have that F,%.(X)® is a closed subset of (C(X x [0,1]), H).

We use (X,d) to denote the completion of (X,d). We see (X,d) as a
subspace of (X, d).
If there is no confusion, we also use H to denote the Hausdorff metric

on C (55 ) induced by d. We also use H to denote the Hausdorfl metric on
C(X x[0,1]) induced by d. We also use Hepg to denote the endograph metric

on Fyse(X) given by using H on C(X x [0, 1]).
F(X) can be naturally embedded into F'(X). An embedding j from F'(X)

to F'(X) is defined as follows. N
Let u € F(X). We can define j(u) € F(X) as

. u(t), teX,
](“)(t>:{o, te X\ X.

Let U C X. If U is compact in (X, d), then U is compact in (55, c?) So if
u € Fysca(X), then j(u) € Firsca(X) because [j(u)]la = [ula € K(X)U{0}
for each a € (0, 1].

We can see that for u,v € Fysca(X), Hena(u,v) = Hena(j(u), 7(v)). So
7] Fsee(x) is an isometric embedding of (Fyysoa(X), Hena) in (Frsca(X), Hena)-

Since (Fysca(X), Hena) can be embedded isometrically in (FUSCG()?), Hena),
in the sequel, we treat (Fysca(X), Hena) as a metric subspace of (FUSC(;()Z'), Heng)
by identifying u in Fysee(X) with j(u) in FUsgg()?). So a subset U of
Fusca(X) can be seen as a subset of FUSCG()Z').

Suppose that U is a subset of Fysc(X) and o € [0,1]. For writing
convenience, we denote

o U(a) :=U,ept)a, and
o U, ={lulo :ueU}.
Here we mention that an empty union is ().

Lemma 4.9. Let U be a subset of Fysca(X). If U is totally bounded in
(Fusca(X), Hena), then U(a) is totally bounded in (X, d) for each o« € (0,1].
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Proof. The proof is similar to that of the necessity part of Theorem 7.8 in
[19].

Let a € (0,1]. To show that U(«) is totally bounded in X, we only need
to show that each sequence in U(«a) has a Cauchy subsequence.

Let {x,} be a sequence in U(«). Then there is a sequence {u,} in U with
Ty € [up|a for n =1,2,.... Since U is totally bounded in (Fysca(X), Hena),
{u,} has a Cauchy subsequence {u,,} in (Fysca(X), Hena). So given € €
(0, @), there is a K(g) € N such that

Hend(unla unK) <e€

for all [ > K. Thus

H* ([un]as [ungla—e) < ¢ (2)
for all [ > K. From (2) and the arbitrariness of &, (J, "> [tn,]o is totally
bounded in (X, d). Thus {z,, }, which is a subsequence of {z, }, has a Cauchy

subsequence, and so does {z,,}.
[l

Remark 4.10. It is easy to see that for a totally bounded set U in (Fyscg(X), Hena)
and a € (0,1], U(a) = 0 is possible even if U # ().

For D C X x [0,1] and « € [0, 1], define (D), := {z: (z,a) € D}.
Let u € F(X) and 0 < r <t < 1. We use the symbol end’ u to denote
the subset of end u given by

end’ v :=endu N ([u], x [r,1]).
For simplicity, we write end! u as end, u. We can see that endyu = send u.

Theorem 4.11. Let U be a subset of Fysca(X). Then U is relatively com-
pact in (Fysca(X), Hena) if and only if U(«) is relatively compact in (X, d)
for each o € (0, 1].

Proof. Necessity. Suppose that U is relatively compact in (Fyscg(X), Hena)-
Let o € (0,1]. Then by Lemma 4.9, U(«) is totally bounded. Hence U(«) is
relatively compact in ()~( ) c?)

To show that U(«) is relatively compact in (X, d), we proceed by contra-
diction. If this were not the case, then there exists a sequence {z,} in U(«)
such that {z,} converges to z € X \ X in (X, d).
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Assume that x, € [u,|o and u, € U, n = 1,2,.... From the relative
compactness of U, there is a subsequence {u,,} of {u,} such that {u,,}
converges to u € Fysca(X). Since Fysca(X) can be seen as a subspace of

Fysca(X), we obtain that {u,, } converges to u in (FUSCQ(X),HCnd). By
Theorem 2.3, lm®) we = ue according to ()? X [0,1],67). Notice that

k—o0 “ng
(Tny, ) € uy, for k= 1,2,..., and {(zn,,a)} converges to (z,a) in (X x

[0,1],d). Thus (z, @) € u¢, which contradicts z € X \ X.

It can be seen that the necessity part of Theorem 7.10 in [19] can be
verified in a similar manner to that in the necessity part of this theorem.

Sufficiency. Suppose that U(«) is relatively compact in (X, d) for each
a € (0,1]. To show that U is relatively compact in (Fysca(X), Hend), We
only need to show that each sequence in U has a convergent subsequence in
(Frsca(X), Hena)-

Let {u,} be a sequence in U. If liminf, . S,, = 0, i.e. there is
a subsequence {un,} of {u,} such that limy e Sy, = 0. Then clearly
Hena(tn,, Op(x)) = Suy, — 0 as k — oo. Since Drx) € Fusca(X), {un,} is
a convergent subsequence in (Fyscg(X), Hena)-

If liminf, .o Sy, > 0, then there is a £ > 0 and an N € N such that
[un]e # O for all n > N.

First we claim the following property:

(a) Let a € (0,1] and S be a subset of U with [u], # 0 for each u € S. Then
{end,u : u € S} is a relatively compact set in (K (X X [«, 1]), H).

It can be seen that for each u € S, end, u € K(X x [a, 1]).
As U(a) is relatively compact in (X,d), U(a) X [a, 1] is relatively com-

pact in (X X [a, 1],d). Since J,cqendqu is a subset of U(a) x [a, 1], then
Uoes endau is also a relatively compact set in (X x [a,1],d). Thus by The-
orem 4.2, {end,u : u € S} is relatively compact in (K (X X [a,1]),H). So
affirmation (a) is true.

Take a sequence {ay, k= 1,2,...} which satisfies that 0 < ag1 < a <
min{¢, %} for k=1,2,.... We can see that a, — 0 as k — oc.

By affirmation (a), {end,, u, : n = N, N 4+ 1,...} is relatively compact
in (K(X x [aq,1]), H). So there is a subsequence {u%l)} of {u, :n > N} and
v € K(X x |, 1) such that H(endg, ul’,v) = 0. Clearly, {u$’} is also a
subsequence of {u,}.
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Again using affirmation (a), {end,, ug)} is relatively compact in (K (X x
(a2, 1]), H). So there is a subsequence {ug)} of {ug)} and v? € K(X x [ag, 1])
such that H (end,, u!?,v?) — 0.

Repeating the above procedure, we can obtain {ugﬂ)} and v* € K(X x
lag, 1)), k =1,2,..., such that foreach k = 1,2, .., {u%kﬂ)} is a subsequence
of {u%k)} and H (end,, ud), v*) — 0.

We claim that

(b) Let ki and ko be in N with k; < ky. Then
(1) (0")ay, € (0"2)a,,
(ii) (v*1), = (v*2), when a € (ag,, 1],
(iii) v* Co*H for k =1,2,....

Note that {ug”)} is a subsequence of {uly™} and that ay, < ag,. Thus
by Theorem 2.3, for each « € [ay,, 1],

<Uk1>a x {a}
= liminf end,, ulf) N (X x {a})

n
n—o0

C liminfend,,, ulf) N (X x {a})

= (v")a x {a}. (3)

So (i) is true.

Let a € [0,1] with @ > «,. Observe that if a sequence {(z,,Bm)}
converges to a point (z, ) as m — oo in (X x [0,1],d), then there is an M
such that for all m > M, ,, > ag,, i.e. (Tm,Bm) € X X (ag,,1]. Thus by

Theorem 2.3, for each a € (o, 1],

(v")a x {a}

= limsup end,, ulf) N (X x {a})

n

n—oo
2 limsup end,,, ulf?) N (X x {a})
n—o0

= (v")a x {a}. (4)

Hence by (3) and (4), (v*1), = (v*2), for a € (ag,, 1]. So (ii) is true. (iii)
follows immediately from (i) and (ii).
Define a subset v of X x [0, 1] given by

v =U0P U (X x {0}). (5)
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From affirmation (b), we can see that

[ ("), iffor some k €N, a> ay,
(e = { X, ifa=0, (6)

and hence
v N (X X (ag,1]) = vF N (X x (o, 1]) C 0. (7)

We show that v € C(X x [0,1]). To this end, let {(x;,7;)} be a sequence
in v which converges to an element (z,v) in X x [0,1]. If v = 0, then clearly
(x,v) € v. If v > 0, then there is a kg € N such that v > «y,. Hence there
is an L such that 4, > ag, when [ > L. So by (7), (x;,7) € v* when [ > L.
Since v € K(X X [y, 1]), it follows that (z,7) € v* C v.

We claim that

(c) lim, o H(end uq(ln),v) =0and v € Fysca(X)©.
Let n € N and k € N. Then by (5),

H*(end u{™ v) = max{H*(enda, ul™,v), H*(end$* v v)}

aE 'n

< max{H*(endq, u™, v*), a;}, (8)

aE 'n

and by (7),
H*(v,end ul™) = max{ sup d((z,7), endu™), H*(vN (X x [0,]), end u™)}
(z,y)evN(X x (ay,1]
< max{H*(v*, end,, u{™), ai}. 9)

Clearly, (8) and (9) imply that

H(endu(™, v) < max{H (end,, v, v*), az}. (10)

(e n

Now we show that

lim H(endu{™,v) = 0. (11)

n—oo

To see this, let ¢ > 0. Notice that ap — 0 and for each ay, £ = 1,2,...,
lim,,, H(end,, ugln),vk) = 0. Then there is an ay, and an N € N such

that ay, < ¢ and H(end,, ug"),vko) < ¢ for all n > N. Thus by (10),
H(endu(”,v) < £ for all n > N. So (11) is true.
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Since the sequence {end ul”} is in Fygc(X)° and {end ui”} converges to
vin (C(X x [0,1]), H), by Proposition 4.7, it follows that v € Fyyge(X)®.

Let k € N. Then v* € K(X x [y, 1]), and hence (v*), € K(X)U {0} for
all « € [0,1]. So from (6), (v), € K(X)U {0} for all « € (0,1], and thus
(NS FUsog(X>e.

From affirmation (c), we have that {u%n)} is a convergent sequence in
(Fusca(X), Hena). Note that {u%")} is a subsequence of {u,}. Thus the
proof is completed.

[

Theorem 4.12. Let U be a subset of Fysca(X). Then U is totally bounded
in (Fusca(X), Hena) if and only if U(«) is totally bounded in (X, d) for each
a € (0,1].

Proof. Necessity. The necessity part is Lemma 4.9.
Sufficiency. Suppose that U(«) is totally bounded in (X,d) for each
a € (0,1]. Then U(a) is relatively compact in (X,d) for cach o € (0,1].
Thus by Theorem 4.11, U is relatively compact in (FUSCG()N( ), Heng). Hence
U is totally bounded in (FUscg()?), Hna). So clearly U is totally bounded
in (Fusca(X), Hena)-
O

Theorem 4.13. Let U be a subset of Fysca(X). Then the following are
equivalent:

(i) U is compact in (Fysca(X), Hend);

(i) Ula) is relatively compact in (X, d) for each a € (0,1] and U is closed
m (FUSCG(X)7 Hend);

(i1i) U(a) is compact in (X,d) for each a € (0,1] and U is closed in
(Fusca(X), Hena)-

Proof. By Theorem 4.11, (i) < (ii). Obviously (iii) = (ii). We shall com-
plete the proof by showing that (ii) = (iii). Suppose that (ii) is true. To
verify (iii), it suffices to show that U(«) is closed in (X, d) for each a € (0, 1].
To do this, let a € (0,1] and let {x,} be a sequence in U(a) with {z,}
converges to an element z in (X, d). We only need to show that z € U(«).

Pick a sequence {u,} in U such that z, € [u,], for n = 1,2,..., which
means that (z,,«) € endu, forn=1,2,....
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From the equivalence of (i) and (ii), U is compact in (Fysca(X), Hena). So
there exists a subsequence {u,, } of {u,} and u € U such that Hepg(tp, ,u) —
0. Hence by Remark 2.4, lim",__w,, = u. Note that (z, @) = limy_,s0 (2, , @).
Thus

(xz,a) € liminfend u,, = endu.
n— o0

So x € [u],, and therefore z € U(a).
It can be seen that Theorem 7.11 in [19] can be verified in a similar
manner to that in this theorem.

]
We [18] gave the following characterizations of compactness in (Fyscg(R™), Hena)-

Theorem 4.14. (Theorem 7.1 in [18]) Let U be a subset of Fysca(R™).
Then U is a relatively compact set in (Fysoa(R™), Hena) if and only if U(«)
is a bounded set in R™ when « € (0, 1].

Theorem 4.15. (Theorem 7.3 in [18]) Let U be a subset of Fysca(R™).
Then U is a totally bounded set in (Fyscg(R™), Hena) if and only if, for each
a € (0,1], U(a) is a bounded set in R™.

Theorem 4.16. (Theorem 7.2in [18]) U is a compact set in (Fysca(R™), Hena)
if and only if U is a closed set in (Fysca(R™), Hena) and U(a) is a bounded
set in R™ when o € (0,1].

Let S be a set in R™. Then the following properties are equivalent.

(i) S is a bounded set in R™.
(ii) S is a totally bounded set in R™.
(iii) S is a relatively compact set in R™.

Using the above well-known fact, we can see that Theorem 4.11 implies
Theorem 4.14; Theorem 4.12 implies Theorem 4.15; Theorem 4.13 implies
Theorem 4.16.

So the characterizations of relative compactness, total boundedness, and
compactness in (Fyscg(R™), Hena) given in our previous work [18] are corol-
laries of the characterizations of relative compactness, total boundedness,
and compactness of (Fysca(X), Hena) given in this section, respectively.

Furthermore, the characterizations of relative compactness, total bound-
edness, and compactness of (Fysca(X), Hena) given in this section illustrate
the relationship between relative compactness, total boundedness, and com-
pactness of a set in Fyysog(X) and that of the union of its elements’ a-cuts.
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From above discussions, we can see that the characterizations of relative
compactness, total boundedness, and compactness of (Fygca(X), Hena) given
in this section significantly improve the characterizations of relative compact-
ness, total boundedness, and compactness in (Fyyscg(R™), Hena) given in our
previous work [18].

Remark 4.17. The following clauses (i) and (ii) are pointed out in Remark

5.1 of chinaXiv:202107.00011v2 (we submitted it on 2021-07-22).

(1) (Fhgoa(X), Hena) can be treated as a subspace of (C(X x [0,1]), H) by

seeing each u € Flgro(X) as its endograph.

(ii) We can discuss the properties of (Ffhgoq(X), Hena) by treating (Ffhgoa(X), Hena)

as a subspace of (C'(X x[0,1]), H). These properties include characterizations

of total boundedness, relative compactness and compactness of (F{hgoq(X), Hena)-
In this paper, we treat (Fysca(X), Hena) as a subspace of (C(X x[0,1]), H)

to discuss the properties of (Fysca(X), Hend)-

At the end of this section, we illustrate that Theorems 4.2, 4.1 and 4.3
can be seen as special cases of Theorems 4.11, 4.12, and 4.13, respectively.
We begin with some propositions.

The following proposition follows immediately from the basic definitions.

Proposition 4.18. Let A be a subset of X.

(i) The conditions (i-1) A is a set in C(X), and (i-2) xa is a fuzzy set in
Fusc(X), are equivalent.

(i1) The conditions (ii-1) A is a set in K(X), (ii-2) xa is a fuzzy set in
Fuscep(X), and (ii-8) xa is a fuzzy set in Fysca(X), are equivalent.

Let D C P(X). We use the symbol Dp(x) to denote the set {Cp(x): C €
D}.
Let A, B € C(X). Then

Hena(xa, x8) = min{H (A, B), 1}. (12)

Proposition 4.19. Let D be a subset of K(X).

(1) D is totally bounded in (K(X), H) if and only if Dp(x) is totally bounded

n (FUSCG(X)7 Hend);

(ii) D is compact in (K (X), H) if and only if Dp(x) is compact in (Fysca(X), Hena).-

Proof. From (12), it follows immediately that (i) is true.
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By (12), we have that D is compact in (K (X), H) if and only if Dp(x) is
compact in (K (X)p(x), Hena). Clearly Dp(x) is compact in (K(X)p(x), Hend)
if and only if Dp(x) is compact in (Fysca(X), Hena). So (ii) is true.

[l

Proposition 4.20. Let {A,} be a sequence of sets in C(X). If {xa,} con-
verges to a fuzzy set u in Fyso(X) according to the Heng metric, then there
is an A € C(X) such that uw= x4 and H(A,, A) = 0 as n — oc.

Proof. We will show in turn, the following properties (i), (ii) and (iii).

(i) Let x € X and «, 5 € (0,1]. Then (x,«) € endw if and only if (z, ) €
end u.

(i) [u]a = [u]p for all «, 8 € [0, 1].

(iii) There is an A in C'(X) such that u = x4 and H(A,, A) — 0 as n — oo.

To show (i), we only need to show that if (z, «) € end u then (z, 5) € end u
since a and (3 can be interchanged.

Assume that (z,«) € endu. Since Hena(xa,,u) — 0, by Theorem 2.3
and Remark 2.4, im™ __ v, = u. Then there is a sequence {(z,,ay,)} such
that (z,,a,) € end xa, for n = 1,2, ..., and lim, o, d((2n, @), (7,a)) = 0.
As a > 0, it follows that there exists an N such that a,, > 0 for all n > N.
This yields that (x,,,) € send x4, = A, x [0,1] for all n > N. Hence
(2, B) € send x4, for all n > N. Observe that lim,, o d((z,, 8), (x, 3)) = 0,
ie. {(zn,B):n > N} converges to (z,3) in (X x [0,1],d). Thus we have
(x,B) € liminf,_,, end x4, = endu. So (i) is true.

From (i), we have that [u], = [u]s for all o, € (0,1]. Then [u], =
Uaso[t]a = [u]1. So (ii) is true.

Set A = [u];. By Proposition 5.1, u € F}g(X). From this and (ii), it
follows that A € C(X) and u = x 4.

Since by (12),

Hena(xa,, ) = Hena(xa,, xa) = min{H(A,, A), 1} — 0 asn — oo,

we obtain that H(A,,A) — 0 as n — co. So (iii) is true. This completes the

proof.
]

Proposition 4.21. Let {x,} be a sequence in X. If {x,} converges to a
fuzzy set w in Fyge(X) according to the Heng metric, then there is an x € X
such that u =2 and d(z,,z) — 0 as n — oo.
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Proof. Note that z = xy.; for each z € X. Thus by Proposition 4.20, there
is an A € C(X) such that v = x4 and H({z,}, A) — 0 as n — oco. Since
lim*)_{z,} = A, it follows that A is a singleton. Set A = {z}. Then u =2
and d(x,,x) = H({z,},{z}) = 0 as n — oco. This completes the proof.

[

Proposition 4.21 is Proposition 8.15 in our paper arXiv:submit/4644498.
It can be seen that we can also use the idea in the proof of Proposition 4.20
to show Proposition 4.21 directly.

It can be seen that using the idea in the proof of Proposition 8.15 in
arXiv:submit /4644498, we can show that A in the proof of Proposition 4.21
is a singleton as follows.

Assume that A has at least two distinct elements. Pick p, ¢ in A with p #
q. Let z € X. Since d(p, z)+d(q, z) > d(p, q), it follows that max{d(p, z),d(q, 2)} >
+d(p,q). Thus H(A,{z,}) = H*(A,{z,}) > 3d(p,q), which contradicts
H(A {z,}) — 0asn — oc.

Proposition 4.22. Let D be a subset of K(X) and B a subset of C(X).

(1) C(X)p(x) is closed in (Fysc(X), Hena)-

(ZZ) K(X)F(X) 1s closed in (FUSC'G’(X)>Hend)-

(iii) D is closed in (K (X), H) if and only if Dp(x) is closed in (Fysca(X), Hena)-
(iv) D is relatively compact in (K(X),H) if and only if Dp(x) is relatively
compact in (Fyscg(X), Hona)-

(v) B is closed in (C(X), H) if and only if Bp(x) is closed in (Fysc(X), Hena)-
(vi) B is relatively compact in (C(X), H) if and only if Br(x) is relatively
compact in (Fysc(X), Hena)-

Proof. From Proposition 4.20 we have that (i) is true.

By (i), the closure of K(X)px) in (Fusca(X), Hena) is contained in
Fusca(X)NC(X)px). From Proposition 4.18 (i), Fysca(X)NC(X)px) =
K(X)p(x). Thus the closure of K(X)p(x)in (Fusca(X), Hena) is K(X)px).-

So (ii) is true.

Suppose the following conditions: (a-1) D is closed in (K (X), H), (a-2)
Dp(x) is closed in (K (X)p(x), Hena), and (a-3) Dp(x) is closed in (Fyrsca(X ), Hena)-

By (12), (a-1)<(a-2). From (ii), (a-2)<(a-3). Thus (a-1)<(a-3). So (iii)
is true.

Suppose the following conditions: (b-1) D is relatively compact in (K (X), H),
(b-2) Dp(x) is relatively compact in (K (X)r(x), Hend), and (b-3) Dp(x) is rel-
atively compact in (Fysca(X), Hena)-
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By (12), (b-1)&(b-2). From (ii), (b-2)<(b-3). Thus (b-1)<(b-3). So
(iv) is true.
Using (12) and (i), (v) and (vi) can be proved in a similar manner to (iii)
and (iv), respectively.
[

Each subset D of (K (X), H) corresponds a subset Dp(x) of (Fysca(X), Hena).
Using Theorems 4.11, 4.12, and 4.13, we obtain the characterizations of rela-
tive compactness, total boundedness, and compactness for Dp(xy in (Fysea(X), Hena)
as follows.

Corollary 4.23. Let D be a subset of K(X). Then Dpx) is relatively com-
pact in (Fyscg(X), Hena) if and only if D = |J{C : C € D} is relatively
compact in (X, d).

Corollary 4.24. Let D be a subset of K(X). Then Dp(x) is totally bounded
in (Fusca(X), Hena) if and only if D = J{C : C € D} is totally bounded in
(X,d).

Corollary 4.25. Let D be a subset of K(X). Then the following are equiv-
alent:

(i) Dpx)y is compact in (Fysca(X), Hend);

(i) D = |J{C : C € D} is relatively compact in (X,d) and Dp(x) is closed
in (Fusca(X), Hena);

(iii) D = U{C : C € D} is compact in (X,d) and Dpx) is closed in
(Fusca(X), Hena)-

From Proposition 4.19 and clauses (iii) and (iv) of Proposition 4.22, we
obtain that Corollaries 4.23, 4.24 and 4.25 are equivalent forms of Theorems
4.2, 4.1 and 4.3, respectively. So we can see Theorems 4.2, 4.1 and 4.3 as
special cases of Theorems 4.11, 4.12, and 4.13, respectively.

5. Characterizations of compactness in (F{;5-c(X), Hend)

In this section, we first investigate the properties of the H.,q metric.
Then based on the characterizations of relative compactness, total bound-
edness and compactness in (Fysca(X), Hena) given in Section 4, we give
characterizations of relatively compact sets, totally bounded sets, and com-
pact sets in (F{igoq(X), Hena), 7 € [0,1]. (Flsca(X), Hena), 7 € [0,1] are a

24



kind of subspaces of (Fysca(X), Hena). Each element in Fjjgoo(X) takes r
as its maximum value. (F}goq(X), Henq) is one of these subspaces.

For D C X x [0, 1], define Sp :=sup{a : (z,«) € D}.

We claim that for D, E € C(X x [0, 1]),

H(D,E) > |Sp — Sgl. (13)

To see this, let D, E € C(X x [0,1]). If |Sp — Sg| = 0, then (13) is true.
If |Sp — Sg| > 0. Assume that Sp > Sg. Note that for each (z,t) € D
with ¢ > Sg, d((z,t),E) >t — Sp. Thus H(D, E) > sup{t — Sg : (z,t) €
D with ¢t > SE} = SD — SE So (13) is true.

Let v € F(X). Define S, := sup{u(z) : + € X}. We can see that
Sy = Sendw. Clearly [u]s, = () is possible.

From (13), we have that for u,v € Fyge(X),
Hena(u,v) > | Sy — Syl (14)

Proposition 5.1. Let v and u,, n = 1,2,..., be fuzzy sets in Fysc(X). If
Hena(up,u) — 0 as n — oo, then S, — S, as n — oo.

Proof. The desired result follows immediately from (14).
[l

Let u € F(X). max{u(z) : + € X} may not exist. If max{u(x):z € X}
exists, then obviously S, = max{u(z) : x € X}. If [u]s, # 0, then, as
S. = sup{u(x) : x € X}, it follows that S, = max{u(x) : x € X}.

Proposition 5.2. (i) Let u € Fygo(X). If there is an a € [0,S,] with
[u]o € K(X), then [ulg, # 0 and S, = max{u(z) : x € X}.
(i) Let u € Fysca(X). Then S, = max{u(z) : z € X}.

Proof. First, we show (i). If « = S, then [u]s, # 0. If a < S, then pick
a sequence {z,} in [u], with u(z,) — S,. From the compactness of [u],,
there is a subsequence {z,, } of {x,} such that {z,, } converges to a point z
in [u|o. Thus u(x) > limg_e u(zy, ) = S,. Hence u(z) = S,, and therefore
[u]g, # 0 and S, = max{u(x) : x € X}. So (i) is true.

In the < S, case, we can also prove [u]g, # () as follows. Take an
increasing sequence {ay} in [a, 1] with ay — S,—. Then [u],, € K(X) for
each k =1,2,..., and thus [u]s, = N} [u]a, € K(X). So [u]s, # 0.

Now we show (ii). If v € Fygsca(X) \ {0rx)}, then there exists an
a € (0,S,] such that [u], € K(X). So from (i), S, = max{u(z):x € X}. If

25



u = Opx), then S, = 0 = max{u(z) : x € X}. So for each u € Fysca(X),
Sy, = max{u(z) : z € X}.
Il

Let r € [0,1]. Define

FgSC(X) ={u € Fysc(X) : Su=r},
Fliso(X) ={u € Fysc(X) : r = max{u(z) : v € X}},

Fsoa(X) = {u € Fysca(X) : Sy =r},
Flooa(X) ={u € Fysca(X) : r = max{u(z) : x € X}},

Fiiscp(X) = {u € Fyusen(X) : Sy =1},
Flsop(X) ={u € Fysep(X) : r = max{u(x) : x € X}}.

Let 7 € [0, 1]. We can see that ;- (X) C Ffgo(X). Clearly, Filoo(X) =
Fiso(X) = Fysca(X) = Fysop(X) = {0ro0}

Proposition 5.3. Let r € [0,1]. Then

(1) F&/SCG(X) = Fisoa(X), Flrsop(X) = Fisap(X),

(i1) Fso(X) is a closed subset of (Fysc(X), Hena),

(111) Flgoa(X) is a closed subset of (Fusca(X), Hena), and
(v) Flsop(X) is a closed subset of (Fyscp(X), Hena)-

Proof. From Proposition 5.2 (ii) and the fact that Fyscp(X) C Fysca(X),
we have that Ffsca(X) = Fiisca(X), Fiscp(X) = Fisep(X). So (i) is
true.

By Proposition 5.1, (ii) is true.

From Proposition 5.1, FJSCG(X) is a closed subset of (Fysoa(X), Hend),
and Flgop(X) is a closed subset of (Fyysop(X), Hena). Then by (i), (iii) and
(iv) are true.

[

Lemma 5.4. Let r € [0,1] and let U be a subset of F;30c(X). Then the
following (i-1) is equivalent to (i-2), and (ii-1) is equivalent to (ii-2).

(i-1) U is relatively compact in (Fysca(X), Hena)-

(i-2) U is relatively compact in (F{isoq(X), Hena)-

(ii-1) U s closed in (Fysca(X), Hena)-

(11-2) U is closed in (F{isoc(X), Hena)-

26



Proof. Clause (iii) of Proposition 5.3 says that F};¢.(X) is a closed subset
of (Fusca(X), Hena). From this we obtain that (i-1)<(i-2), and (ii-1)<(ii-2).
[

In this paper, we suppose that (r,r] = () for r € R.

Lemma 5.5. Let r € [0,1] and let U be a subset of F{;goc(X). Then the
following (i-1) is equivalent to (i-2), (ii-1) is equivalent to (ii-2), and (iii-1)
is equivalent to (iii-2).

(i-1) U(a) is relatively compact in (X,d) for each a € (0,1].
(i-2) Ul(a) is relatively compact in (X,d) for each a € (0,7].
(ii-1) U() is totally bounded in (X,d) for each o € (0, 1].
(11-2) U(a) is totally bounded in (X,d) for each o € (0,r].
(i1i-1) Ul is compact in (X,d) for each a € (0,1].
(11i-2) Ul(a) is compact in (X, d) for each a € (0,r].

Proof. Observe that if o € (r,1] then U(«) = (). From this we obtain that
(i-1)e(i-2), (ii-1)e(ii-2), and (iii-1)< (iii-2).
[

Corollary 5.6. Let r € [0,1] and let U be a subset of Fj;gc(X). Then the
following properties are equivalent.

(i) U is relatively compact in (Fysca(X), Hend)-

(i1) U is relatively compact in (F{isoq(X), Hena)-

(i1i) U(a) is relatively compact in (X, d) for each a € (0, 1].

(iv) U(a) is relatively compact in (X,d) for each o € (0,7].

Proof. By Lemma 5.4, (i)<(ii). From this and Theorem 4.11, we obtain
that (ii)<(iii). By Lemma 5.5, (iii)<>(iv), and the proof is complete.
[l

Corollary 5.7. Let r € [0,1] and let U be a subset of Fj;g0c(X). Then the
following properties are equivalent.

(1) U is totally bounded in (Fysca(X), Hend)-

(11) U is totally bounded in (Fjigoa(X), Hend)-

(iii) U(e) is totally bounded in (X, d) for each o € (0,1].

(iv) U(w) is totally bounded in (X,d) for each a € (0,7].

Proof. Clearly (i)« (ii). From this and Theorem 4.12, we obtain that (ii)<>(iii).
By Lemma 5.5, (iii)<(iv), and the proof is complete.
[l
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Corollary 5.8. Let r € [0,1] and let U be a subset of Fj;g0c(X). Then the
following properties are equivalent.

(i) U is compact in (Fysca(X), Hena)

(11) U is compact in (Fjisca(X), Hena)-

(11i) U(a) is relatively compact in (X, d) for each o € (0,1] and U is closed

in (Fusca(X), Hena);

(iv) U(a) is compact in (X, d) for each a € (0,1] and U is closed in (Fysca(X), Hena)-
(v) U(a) is relatively compact in (X,d) for each o € (0,7] and U is closed

in (Fir06(X), Hena)-

(vi) U(a) is compact in (X, d) for each o € (0,7] and U is closed in (Fj;goq(X), Hena)-

Proof. Clearly (i)<(ii). From this and Theorem 4.13, we obtain that (ii)< (iii) < (iv).
By Lemma 5.4, U is closed in (Fiysca(X), Hena) if and only if U is closed
in (Fgoa(X), Hena). By Lemma 5.5, U(«) is relatively compact in (X, d)
for each o € (0, 1] if and only if U(«) is relatively compact in (X, d) for each
a € (0,r]. So (iii)<(v).
Similarly, from Lemmas 5.4 and 5.5, we have that (iv)<(vi).
So (i)e(ii)< (i) e (iv)e(v)<(vi).
[l

Remark 5.9. From Corollary 5.8, Lemmas 5.4 and 5.5, the following prop-
erties are equivalent.

(i) U is compact in (Fysca(X), Hend)-

(i) U is compact in (Figoa(X), Hena)-

(iii) At least one of (i-1),(i-2), (iii-1) and (iii-2) in Lemma 5.5 holds, and at
least one of (ii-1) and (ii-2) in Lemma 5.4 holds.

(iv) All of (i-1),(i-2), (iii-1) and (iii-2) in Lemma 5.5 hold, and all of (ii-1)
and (ii-2) in Lemma 5.4 hold.

6. An application on relationship between H,,q metric and I'-convergence

As an application of the characterizations of relative compactness, total
boundedness and compactness given in Section 4, we discuss the relationship
between H.,q metric and I'-convergence on fuzzy sets.

Proposition 6.1. Let S be a nonempty subset of Fysc(X). Let u be a fuzzy
set in S, and let {u,} be a fuzzy set sequence in S. Then the following prop-
erties are equivalent.
(i) Hena(tyn,u) — 0.
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(ii) hmn_>C>O U, = u, and {u,,n = 1,2,...} is a relatively compact set in
(FUSC(X) Hend)~

(iii) GmD u, = u, and {u,,n = 1,2,...} is a relatively compact set in
(S Hend)
(w) 1m®" _w, = u, and {u,,n = 1,2,...} U {u} is a compact set in
(Sa Hend)
() 1im"_wu, = u, and {u,,n = 1,2,...} U {u} is a compact set in

(FUSC(X)a Hend) .

Proof. To show (i):>(v). Assume that (i) is true. By Theorem 2.3 and
Remark 2.4, im") __w, = u. Clearly {u,,n = 1,2,...} U {u} is a compact
set in (Fysc(X), Hena). So (v) is true.

It can be seen that {u,,n =1,2,...}U{u} is a compact set in (Fyrsc(X), Hena)
if and only if {u,,n = 1,2,...} U {u} is a compact set in (S, Henq). So
(V)& (iv).

If {up,n = 1,2,...} U{u} is a compact set in (S, Hena), then {u,,n =
1,2,...} is relatively compact in (S, Honq) because {u,,n = 1,2,...} is a
subset of {u,,n =1,2,...} U{u}. So (iv)=-(iii).

Clearly if {u,,n = 1,2,...} is a relatively compact set in (.S, Hena),
then {u,,n = 1,2,...} is a relatively compact set in (Fysc(X), Hena). S0
(iif)=> (i)

To show (ii)=>(i), we proceed by contradiction. Assume that (ii) is true.
If (i) is not true; that is, Heng(un,u) # 0. Then there is an ¢ > 0 and a

subsequence {v,(zl)} of {u,} that
Hepa(v\V,u) > ¢ for all n = 1,2, . (15)

Since {u,,n = 1,2,...} is relatively compact in (Fygc(X), Hena), there is a
subsequence {vi} of {vnl }and v € FUSC(X) such that Hend(v,(f), v) = 0.

r)

Hence by Theorem 2.3 and Remark 2.4, hmn oo U v$? = v. Since hmn oo Un, =

u, then by Remark 2.5, u = v. So Hend(vfl ), u) — 0, which contradicts (15).

Since we have shown (i)=-(v), (v)<(iv), (iv)=-(iii), (iii)=-(ii) and (ii)=-(i),
the proof is complete.

We can also show this theorem as follows. First we show that (i)<(iii)
& (iv) by verifying that (i)=-(iv) =(iii)=(i) (The proof of (i)=-(iv) is similar
to that of (i)=-(v). The proof of (iii)=-(i) is similar to that of (ii)=-(i)). Then
put S = Fyse(X), we obtain that (i)<(ii) from (1)< (iii), and that (i)<(v)
from (i)<(iv). So we have that (i), (ii), (iii), (iv) and (v) are equivalent to
each other.

A\_/
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Proposition 6.2. Let u be a fuzzy set in Fysca(X), and let {u,} be a fuzzy
set sequence in Fysca(X). Then the following properties are equivalent.
(i) Hend(un, u) — 0.

(Z@) hmn_mou = u, and for each a € (0,1], |, > T [un]a is relatively compact
in (X, d)

(m) im " w, = wu, and for each o € (0,1], U} [un]a U [u] is compact in

(X, d).

(i) im® o, =u, {un7 2,...yU{u} is closed in (Fysca(X), Hena)s

and for each a € (0, 1], [un]a U [u]a is compact in (X, d).

n=1

Proof. The desired result follows from Proposition 6.1, Theorem 4.11 and
Theorem 4.13. The proof is routine.

Put S = Fysca(X) in Proposition 6.1. Then we obtain that the following

conditions (a), (b) and (c) are equivalent.

(a) Hend(un,u) — 0.

(b) im"_w, = u, and {u,,n = 1,2,...} is a relatively compact set in
(FUSCG( )s Hena)-

(c) lim{"

(a) is (i). By Theorem 4.11, (b)<(ii). By Theorem 4.13, (c¢)<(iv). We
can see that (iv)=-(iii) =(ii). So from (a)<(b)<(c), we have that (1)< (ii)<
(ili) & (iv).

[
Proposition 6.3. Let D be a nonempty subset of C(X). Let A be a set in
D, and let {A,} be a sequence of sets in D. Then the following properties
are equivalent.
(i) H(A,, A) — 0.
(i) EmE) A, = A, and {A,,n = 1,2,...} is a relatively compact set in
(C(X), H).
(iii) 1m) A, = A, and {A,,n = 1,2,...} is a relatively compact set in
(D, H).
(w) m®) A, = A, and {A,,n
(D, H).
() Im) A, = A and {A,,n = 1,2,...} U{A} is a compact set in
(C(X), H).

2,...} U{A} is a compact set in

Proof. The proof is similar to that of Proposition 6.1.
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Proposition 6.4. Let A be a set in K(X), and let {A,} be a sequence of
sets in K(X). Then the following properties are equivalent.
(i) H(An,A) — 0.

(i1) hmnﬁoo A, = A, and 25 A, is a relatively compact set in (X, d).
(1i1) hm7HOO A, = A, and |2 A U A is a compact set in (X,d).
(w) hm,HOO =A, U= A, U A is a compact set in (X,d), and {A,,n =

. JU {A} is a closed set in (K(X), H).

Proof. The desired result follows from Proposition 6.3 and Theorems 4.2
and 4.3. The proof is routine and similar to that of Proposition 6.2.

Put D = K(X) in Proposition 6.3. Then we obtain that the following

conditions (a), (b) and (c) are equivalent.

(a) H(A,,A) — 0.

(b) Lm%) A, = A, and {A,,n = 1,2,...} is a relatively compact set in
(K(X), H).

(¢) LmX) A, = A, and {A,,n = 1,2,...} U{A} is a compact set in
(K (X), ).

(a) is (i). By Theorem 4.2, (b)<>(ii). By Theorem 4.3, (c)<(iv). We can
see that (iv)=-(iii) =(ii). So from (a)<(b)<(c), we have that (i)<(ii)<
(ili) < (iv).

[

Remark 6.5. Let u € Fygea(X) and {u,} be a fuzzy set sequence in
Fysc(X). Let a € (0, 1]. Since [u], is compact in X, we have that the condi-
tions (a) |J; > [tn]a is relatively compact in (X,d), and (b) U725 [un]a U [u]a
is relatively compact in (X, d), are equivalent.

So “U2 [tn]« is relatively compact in (X, d)” can be replaced by “(J=5 [tn]aU
[u], is relatively compact in (X, d)” in clause (ii) of Proposition 6.2.

Similar replacement can be made in Propositions 6.1, 6.3 and 6.4.

Propositions 6.1, 6.2, 6.3 and 6.4 can be shown in different ways. Below
we give some other proofs.

Proposition 6.3 implies Proposition 6.1.

Let S be a nonempty subset of Fyyso(X). Let u be a fuzzy set in S, and
let {u,} be a fuzzy set sequence in S.

Put A =endu, and forn=1,2,..., put A, = end u,, in Proposition 6.3.

Put D = {endu : u € Fyse(X)} in Proposition 6.3. Then from (i)<(iii)
in Proposition 6.3, we obtain that (i)<(ii) in Proposition 6.1.
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Put D = {endu : w € S} in Proposition 6.3. Then from (i)<(iii) in
Proposition 6.3, we obtain that (i)<>(iii) in Proposition 6.1.

Similarly, we can show that (i)<(iv) and (i)<(v) in Proposition 6.1. So
Proposition 6.3 implies Proposition 6.1.

Proposition 6.3, Theorem 4.11 and Theorem 4.13 imply Proposition 6.2.

Let u be a fuzzy set in Fysog(X), and let {u,} be a fuzzy set sequence
in FUSCG(X)~

Put A =endu, and forn=1,2,..., put A, = end u,, in Proposition 6.3.

Put D = {endu : u € Fygeoa(X)} in Proposition 6.3. Then from (i)<>(iii)
in Proposition 6.3 and Theorem 4.11, we obtain that (i)<(ii) in Proposition
6.2.

Similarly from (i)<(iv) in Proposition 6.3 and Theorem 4.13, we obtain
that (i)<(iv) in Proposition 6.2. Since (iv)=-(iii) =-(ii) in Proposition 6.2,
it follows that (i)<(ii)<(iii)<(iv) in Proposition 6.2. So Proposition 6.3,
Theorem 4.11 and Theorem 4.13 imply Proposition 6.2.

Proposition 6.1 implies Propositions 6.3 and 6.4.
Proposition 6.2 implies Proposition 6.4.

Proposition 6.6. (i) Let A € C(X) and {A,} a sequence in C(X). Then
Hena(xa,, xa) = 0 if and only if H(A,, A) — 0.

(ii) Let A € P(X) and {A,} a sequence in P(X). Then lim")_ x4, = xa
if and only if im*) A, = A.

(7ii) Let D be a subset of C(X) and B a subset of D. Then B is totally bounded
(respectively, relatively compact, compact, closed) in (D, H) if and only if
Br(x) is totally bounded(respectively, relatively compact, compact, closed) in

(Dr(x), Hena)-

Proof. (i) and (iii) follow immediately from (12). (ii) follows from the defi-
nition of Kuratowski convergence and I'-convergence.
O

Let D be a nonempty subset of C'(X). Let A be a set in C(X), and let
{A,} be a sequence of sets in D.

Let S = C(X)r(x) in Proposition 6.1. Then from (i)« (iii) in Proposition
6.1, we have that:
(c-1) Hena(xa,,xa) — 0 if and only if limg_{oo X4, = Xa, and {xa,,n =
1,2,...} is a relatively compact set in (C(X)r(x), Hend)-

By Proposition 6.6, (c-1) means that (i)<(ii) in Proposition 6.3.
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Let S = Dp(x) in Proposition 6.1. Then from (i)« (iii) in Proposition
6.1, we have that:
(¢-2) Hena(xa,, xa) — 0 if and only if im™)__ vy, = xa, and {xa,,n =
1,2,...} is a relatively compact set in (Dp(x), Hend)-

By Proposition 6.6, (c-2) means that (i)<(iii) in Proposition 6.3.

Similarly, by using Proposition 6.6, we can show that (i)<(iv) in Propo-
sition 6.1 implies that (i)<(iv) and (i)<(v) in Proposition 6.3.

By clauses (i) and (ii) of Proposition 6.6 and clause (iii) of Proposition
4.22, we can see that Proposition 6.2 implies Proposition 6.4.

By using level characterizations of He,q and ['-convergence on fuzzy sets,
it is easy to show that Proposition 6.4 also implies Proposition 6.2.

7. Conclusion

In this paper, we present the characterizations of total boundedness, rela-
tive compactness and compactness in (Fyscg(X), Hena). Here X is a general
metric space. Based on this, we also give the characterizations of total bound-
edness, relative compactness and compactness in (F{igoq(X), Hena), 7 €
0,1]. (Fgca(X), Hena), m € [0, 1], are metric subspaces of (Fysoa(X), Hend)-

The conclusions in this paper significantly improve the corresponding
conclusions given in our previous paper [18]. Therein we give the charac-
terizations of total boundedness, relative compactness and compactness in
(Fusca(R™), Heng). R™ is a special type of metric space.

We discuss the relationship between H.,q metric and I'-convergence as an
application of the characterizations of relative compactness, total bounded-
ness and compactness given in this paper.

The results in this paper have potential applications in the research of
fuzzy sets involved the endograph metric and the I'-convergence.
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